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CO ' Abstract. A fundamental result of Biane (1998) states that a process with freely independent in- 

crements has the Markov property, but that there are two kinds of free Levy processes: the first kind 
has stationary increments, while the second kind has stationary transition operators. We show that 
a process of the first kind (with mean zero and finite variance) has the same transition operators as 
^ ■ the free Brownian motion with appropriate initial conditions, while a process of the second kind has 

the same transition operators as a monotone Levy process. We compute an explicit formula for the 
generators of these families of transition operators, in terms of singular integral operators, and prove 
[ that this formula holds on a fairly large domain. We also compute the generators for the q-Brownian 

motion, and for the two-state free Brownian motions. 
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1. Introduction 



A Levy process is a random process {X{t) : t > 0} whose increments X{t) —X(s) are independent 
and stationary, in the sense that the distribution /i^ ^ of X(i(:) — X(s) depends only ont — s, 

00 ' A Levy process is a Markov process, and its transition operators ]Cs,t defined via 
^' E[/(X(t))|.] = (/C.,/)(X(.)) 



are also stationary, ICs,t = JCts', in fact 



Here E [-js] is the conditional expectation onto time s. The maps {ICt : t > 0} form a semigroup, 
which has a generator A. In fact A = £(—idx), where i is the cumulant generating function of the 
process. It can also be expressed in terms of the Levy measure of the process. See Section |3] for 
more details. 

In a groundbreaking paper [BiaQSI, Biane showed that processes with freely independent incre- 
ments, in the context of free probability [ VDN92IINS06I , are also Markov processes. He also noted 
that there are two distinct classes of such processes which can be called (additive) free Levy pro- 
cess (Biane also investigated multiplicative processes, which we will not study here). Free Levy 
processes of the first kind (FLl) have stationary increments, in the sense that each X(t) — X{s) has 
distribution fit-s- Then {yU* : t > 0} form a semigroup with respect to free convolution ffl. These 
processes are Markov, but their transition operators typically are not stationary. Free Levy processes 
of the second kind (FL2) have stationary transition operators ICt, which form a semigroup, but their 
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increments are typically not stationary: if X(t) — X{s) has distribution ^s,t, then we only have the 
property /i^ f ffl yUt,u = f^s,u (so that the measures form a free convolution hemigroup). 

In this paper we compute the generators of free Levy processes with finite variance. Since for FLl, 
the transition operators do not form a semigroup, they have a family of generators {At : t > 0}. In 
the case of FL2, there is a genuine generator A. If the distribution of the process has finite moments, 
using the free Ito formula from [|Ans02| , one can express the generators in terms of the _R-transform, 
the free analog of i. However, it is unclear whether such an expression can be assigned a meaning 
in the absence of moments. But there is an alternative description. For a measure u, denote 



a singular integral operator. A free convolution semigroup with finite variance is characterized by 
the free canonical pair {a, p), where a G M, and (with appropriate normalization) p is a probability 
measure. Further, denote by 7^ the semicircular distribution at time t, so that pffl7t is the free analog 
of heat flow started at p. Then the generator of the corresponding free Levy process of the first kind 
is 

(1) ad^ + d^LpSi^^. 

In fact, we show that for a = 0, the full Markov structure of this process coincides with that of 
the free Brownian motion {Yt : t > 0} with Yq having distribution p. This statement clearly has no 
classical analogue. 

In addition to free probability theory, there are only two other "natural" non-commutative probabil- 
ity theories [|Mur03l , the Boolean and the monotone. These theories do not, at least at this point, 
approach the wealth of structure of free or classical probability. However, one reason to study them 
is that they tum out to have unexpected connections to free probability. Indeed, we show that the 
generator of a free Levy process of the second kind is ad^ + dxLp, where p now is the monotone 
canonical measure. In fact, Biane in llBia98l already noted that each FL2 is associated to a semi- 
group of analytic maps, and Franz in [|Fra091 observed that exactly such semigroups are associated 
with monotone Levy processes: the measures p^^t do not form a free semigroup, but they do form a 
semigroup under monotone convolution. In the monotone case itself there is no distinction between 
the Levy processes of the first and second kind (so the free case is really special in this respect), and 
the generator of a monotone Levy process is related to its monotone Levy measure in the expected 
way PFM05H . 

We also compute the generators of the g-Brownian motion. This non-commutative process was 
constructed in [BS91I, and investigated in detail in [ BKS97 I. Building on the work of [DM031 , 
we prove a functional Ito formula for it (for polynomial functions), from which the formulas for 
generators easily follow. 

We note that the study of "time-dependent generators", or more usually the inverse problem — how 
to reconstruct {/Cs,t} from {At] — goes back to UKatSSn . This is typically formulated at the linear 
non-autonomous Cauchy problem, and a significant amount of general results on its solution is 
known, see for example Section VI. 9 of HENOOL [INZ09II . and their extensive references. We do not 
use these general results in the paper, but this may be a matter for further study. 

The paper is organized as follows. After the introduction and some general results in Section |2l 
in Section [3] we give a short overview of the generators for classical processes. The next section, 
covering free Levy processes, is the main part of the paper. We show that transition operators for 
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such a process form a strongly continuous contractive family on (M, dx), and that their generators 
are given by formula ([T) on large domains in Lp(M, dx) and Co(M). In Section |43] we find the 
closures of these generators. We also compute the generators of FL2 processes. In section |4~6l we 
show that the operator Ly itself is an isometry between certain spaces, and compute the "carre du 
champ" operator corresponding to dxLy. In Section[5l we compute the Ito formula and generators 
for the g-Brownian motion, and in a short final section we apply similar analysis to the two-state 
free Brownian motions from flAnsllb l . 

Acknowledgements. This work was prompted by a discussion with Wlodek Bryc about his pa- 
per [ BrylO) ; I am grateful to Wlodek for showing me an early version of that paper. I have dis- 



cussed various aspects of this article with a large number of people. Thanks to Dominique Bakry, 
Todd Kemp, Michel Ledoux, Conni Liaw, Alex Poltoratski, and Sergei Treil for helpful comments. 
Thanks especially to J.C. Wang and the referee for a correction in Remark |5l Finally, I am grateful 
to the Erwin Schrodinger Institute, and to the Universite Paul Sabatier, where part of this work was 
completed. 

2. Preliminaries 

2.1. Generalities and definitions. Let (A^,E) be a tracial non-commutative probability space, 
where is a von Neumann algebra and E is a tracial normal state on it. Possibly unbounded 
random variables are self-adjoint elements of the algebra M. of operators affiliated to M.. 

A process is a family of (possibly non-commutative) random variables {X{t) : t > 0} in a (possibly 
non-commutative) probability space {M. , E) . 

We will assume that X(0) = 0, and will denote by fXs,t the distribution of X{t) — X(s) with 
respect to E (for s < t), fit = yUo,t the distribution X{t), and /i = fii. If * is a convolution 
operation corresponding to some non-commutative independence, and the increments of {X(t)} 
are independent in that sense, then 

For an unbounded operator X, we will denote by ^{X) its domain, and by (X, V) its restriction to 
a smaller domain V. 

Definition 1. For a family of distributions {/i* }, we say that the functional Lt is its generator at 
time t with domain T>{Lt) if 



dt / f{x)dfit{x) = Lt[f] 
Jr 



for / G 'D{Lt). Frequently, 

Lt[f]= [ {Af){x)dfit{x) 
Jm. 

for an operator At. If {X(t)} is a process with distributions {yU*}, this is equivalent to 
(2) dtE[f{Xm=E[{Af){X{t))]. 
Note however that this property does not determine At, even on V(Lt). 
For operators {lCs,t} on a Banach space A, we write 

d 
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if 

1 

0. 



(3) lim 



In this case we say that Ag is the generator of the family {lCs,t} at time s. Its domain 'D(As) C A 
consists of all / G ^ for which the limit dS) holds. 

Now suppose that the process {X(t)} is a Markov process. That is, denoting E [-j < s] the E- 
preserving conditional expectation onto the von Neumann algebra generated by {X„ : u < s}, for 
any / G L°°(]R, dx), E [f{X(t))\ < s] is in the von Neumann algebra generated by X(s). (See 
the Introduction and Section 4 of [|Bia98ll for more details, and also for a weaker requirement, 
sufficient for our purposes, that the classical version of {X(t)} is a Markov process.) In this case, 
the corresponding transition operators are determined by 

E[f{Xm<s] = {ICs,tf){X{s)) 

We say that the operator Ag is the generator of the process at time s if it is the generator of its family 
of transition operators. Note that if At exists, it has the property in equation (|2]). 

Proposition 1. Let {A, \\-\\) be a Banach space, {/Cs,t} a family of contractions on A such that 

^S,t ° ^t,V = ^S,t); ^S,S = 1 1 

and JCs^t is strongly continuous in t. Let {At} be the generators of{lCs,t} in the sense of equation ([3]), 
and consider a subspace V G f]^ T>{At) such that for any / G P, Atf is a continuous function oft. 

(a) Each At is dissipative and closable. 

(b) Let B d Abe another subspace such that V C B, and W-W^be another norm on B such that 
V is \\-\\Q-dense in B, ||/|| < ||/||g> and for f G T^, 



(4) IIA/II < UJUB- 

Then equation ^ holds for f E B, so that B C V^At) for all t. 
(c) The closure p" "'^ ofV in the sup-graph norm 

Ksup||A/|| 



t 

is in Ti{At) for all t. 

Remark 1. Note that strong continuity of /Cs,t does not imply continuity of {At}. Indeed, already 
in one dimension, if /C^ j = e^^*^~^'^^\ then At = f'{t). 

Proof. For part (a), recall from Section X.8 of [IRS751 that for / G ^, a normalized tangent func- 
tional is an element of ^* such that ||v9/|| = ||/|| and iff[f] = \\f\\. For any such functional, 

^Vf[AJ]= lim i%^[/C,,,+,/-/] < lim i(|^^[/C,,,+,/]|-||/f) 

/i— >0+ il /i— >o+ ti 

< lim i (11/11 .ll/CWII-ll/f) <0 

since lCs,s+h is a contraction, so As is dissipative. Combining this with Theorem II. 3. 23 and Propo- 
sition II.3.14(iv) of flHOTl . it follows that As is closable. 
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For part (b), we first note that for s < t, since ICs,t is a contraction, for f E V, 



lim 



h 



lim 



< lim 



ICs,t { ^ {JCt,t+hf - /) - Af 



so 



dtK,sAf) = ^sAAf)- 

Also, since lCs,v is a contraction, K,s,vAf is continuous in v. Therefore we have the Riemann 
integral identity 



/C.,i(/) = /+ I ICsAAf)dv. 

J s 



Since for f E V, ^ holds. At has a continuous extension {B, ||-||g) — )• A satisfying the same 
property. We will show that this continuous extension At coincides with At. 

Fix g E B and a time t. For each e > 0, we can find a f E V such that ||/ — S'llg < £, so that 
11/ -^11 

\\^s,tf - ICs,tg\\ < £, 

and 



^s,v{Af) ~ f^s,v{Ag) 



< 



Af ~ Ag 



< e 



for all s < V < t. Then 

So 
(5) 



^s,tg - g - JCs,v{Ag) dv 



<2e + {t- s)e. 



lCs,t{g) = g+ }Cs,v{Ag) dv 



(in particular, the integral is well defined), and 



lCs,tg = Ag- 



t=s 



Finally, for part (c) we take B = V '"^ and = ||-||^, and apply part (b). □ 
Remark 2. Under the assumptions of the preceding proposition, from equation ^ we also get 

d 



ds 



]Cs,tg = -A^g, 



which in tum implies 



^s,t{9)=9+l Ay}C^^t{g)dv. 
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Lemma 2. Let {X{t)} be a non-commutative Markov process, with transition operators {lCs,t\ cind 
distributions {/it}. Let {A, ||-||) be either (Co(]R), \\-\\^) or Lp(M, dx), and suppose that {/Cs_t}, 
their generators {Ag}, and V G A satisfy the hypotheses of Proposition\J} Then for f eV, 



/(X(t))- / {AJ){X{v))dv 



(6) 

is a martingale. Conversely, suppose {Bg} is another family of operators strongly continuous on V 
such that ^ is a martingale. Then for f eV, Agf = Bgf in the restriction of A to supp(/i5). 

Proof. As shown in Proposition [B under these assumptions, for f E V 



}CsAf) = f+ / }Cs,Mvf)dv 



It follows that 



E 



f{X{t))- / {AJ){X{v))dv 



< s 



= (/C,,t(/))(X(s))- / {AJ){X{v))dv- / JCs,MJ){X{s))dv 

Jo Js 

= f{X{s))- [\AJ){X{v))dv 
Jo 

and the process is a martingale. 

Conversely, suppose that f{X{t)) — j^{Br^f){X{s)) dv is a martingale. The last equality then 
implies that 



/C,,(/)(X(s)) = /(X(s))+ / Kg,,{BJ){X{s))dv. 

J s 

It follows that in Co(supp(/is)) or LP{supp{iXs), dx), 

}CsAf) = f+ [ }Cg,v{BJ)dv, 

J s 

and therefore in this space 



BJ 



d_ 

di 



t=v 



□ 



2.2. Cumulants. Let {/if} be a convolution semigroup with respect to some convolution operation 
-k. In all cases we will consider, fiQ = 5o, iJ.t[x] = t ■ jji[x], and {/it} is weakly continuous. Almost by 
definition (see Property (KT) in Section 3 of HHSllH ). the cumulant functional of /i corresponding 
to the convolution operation -k is 

(V) C,[f] = ^ /it[/]. 



dt 



t=o 



This approach works for all the convolutions associated to natural types of independence (tensor, 
free. Boolean, monotone), but also for other operations such as the g-convolution from [lAnsOlll . 
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Proposition 3. Assume that fx has finite moments of all orders. Then, at least on the space V of 
polynomials, 



(8) 

for a finite measure p. 

Proof. First note that C^[l] = and C^[a;] = n[x] = a for some a. Since each pt is positive, it 
follows that C^j is a conditionally positive function on polynomials, so it has the canonical repre- 

for n > 2, where p is a finite measure, the canonical measure of the 



sentation C^[x"] 



p[x 



n-2l 



semigroup. We compute, for f{x) 



X 



Cfj^[x 



„n-2i 



af{0)+p 



/(x)-/(0)-xf(0) 



x^ 



af{0)+p 



d_ 

dx 



x=0 



f{x) - f{y) 
x-y 



and this formula is also valid for f{x) = 1 and x. 



□ 



3. Classical Levy processes. 



See Section 1.2 of [|Ber96l (except for a small misprint) for the following results. 

Theorem. Let {X(t)} be a Levy process corresponding to the convolution semigroup {pt}- Denote 

i{9) = logE [e^^^] = log [ e'^^dp{x) 

the cumulant generating function of the process. Then the generator of the process is the pseudo- 
differential operator i{—idx) with dense domain 



feL\R,dx): / mf f{e) 



dO < oo 



In other words, if the process has the Levy-Khintchine representation 



iaO - -Ve^ 
2 



R\{0} 



then 



Af{x) = af'ix) + Ivfix) + + y)- /(^) - liyi<iyf{x))u{dy). 



If p has mean a and finite variance, we also have the Kolmogorov representation, 

i(9) = ia9+ [ {e'y^ - 1 - ty9)y~^ dp{y) , 
Jr 

where p is the canonical measure. In this case the generator is 
(9) 



y 



If the process has (say) finite exponential moments, we have moveover 

oo _ 



n=l 
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where {c„} are the cumulants [|Shi96l of (the distribution of) the process. So the generator of the 
process is 



Note also that ci = a and 



for n > 2. 



n=l 



x" dp{x) 



4. Free Levy processes 

4.1. Background. Let /i be a probability measure on M. Its Cauchy transform is the analytic 
function : C+ — )■ defined by 

z — X 

We will also denote F^{z) = so that : C+ ^ C+. 

is invertible in a Stolz angle near infinity, and Voiculescu's _R-transform is defined by 

R^{z) = G'^\z) - 

A free convolution /ii ffl jj,2 of two probability measures Hi, ^2 is characterized by the property that 

fi is ffl-infinitely divisible if and only it can be included as /i = /ii in a free convolution semigroup 
{fit : t > 0}, Us S = jJLs+t- This is the case if and only if extends to an analytic function 
: C+ — )■ C+ U M. In this case, we have the free Levy-Khintchine representation (Theorem 5.10 
of [IBV931I ) 

R^{z) = a+ I dvi^x). 

Jr^ ~ 

Moreover, if /i has finite variance, we also have the free Kolmogorov representation, 

R^{z) = a+ / — dp{x). 
Jr ^ ~ 

Here a is the mean of yU, p is a finite measure, the free canonical measure for the semigroup {pt}, 
and (a, p) is the free canonical pair. For convenience, throughout most of the paper we will rescale 
time so that the variance 

(10) Var[/i = pi] = l 

in which case p is a probability measure. 

We will also encounter two other convolution operations, the monotone convolution > and the 
Boolean convolution l±l, determined by 

and 
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We will denote 

the semicircular distributions, the analogs of the normal distributions in free probability. They form 
a free convolution semigroup with the free canonical pair (0, 60). 

Remark 3. If z/ is a probability measure, there exists a probability measure fi = [j^] with mean 
zero and variance t such that 

In particular, for the map $ = $1, see BBNOQII and Proposition 2.2 of llMaa92|| , and 

Conversely, if /i is a probability measure with mean a and variance /3 > 0, there exists a probability 
measure u = Jlfi] such that 

(11) F^{z)=z-a-PGj[^]iz). 

Note that J" o $4 = Id, while $4<^[a*]] = if has mean zero and variance t. If u has finite 
moments of all orders, its Cauchy transform has a continued fraction expansion 

= . 

z — ao 



z — ai 



/33 

Z - ^2 - 



z — . . . 

Here (3q = 1, «o is the mean of /i, /5i is the variance of /x, and in general are its Jacobi 

parameters. Then for z/ = 

GJz) = ^ 



t 



(3 

Z — Oq 



z — ai 



/33 

z - a2- 



z — . . . 

while i7 is the inverse map, namely coefficient stripping H DKSIOL Note that there are also related 
maps which involve finite rather than only probability measures, but because of the normaliza- 
tion (flOl). we will not need to consider them. 



4.2. Transition operators. The following is a reformulation of Theorem 3.1 of [|Bia98l . 

Theorem. Let X and Y be freely independent. Then the transition operator K, defined via 

E[/(x + r)|x] = (/c/)(x) 

is a map on Co(M) (which extends to a map on (M, dx) ) such that for any 2; G C \ R 
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Here F{z) = Fy{z) for some probability measure v, and F is uniquely determined by 

Gx+y{z) = Gx{F{z)). 

Proposition 4. For processes with freely independent increments, the transition operators K. have 
the form 

mi^)= f f{y)d{6.,t>u){y). 

For the free Levy processes of the second kind, for )Ct we have Ut = l^t- For the free Levy processes 
of the first kind, for ICg^t, ^s,t is determined by 

In other words, v = Us^t = /it-sCB/is, the subordination distribution, see [|Len07[lNic09ll . 

Proof. According to Theorem 3.1 of [|Bia981 , 

1 1 1 



/C 



z — X 



F{z) -X F^{z) -X Fs^^^{z) " JrZ-v 

and, still according to nBia98L this property entirely determines /C. For FL2, Fg^t = Fts and 
F^, = F^^ o Ft-s, so for s = 0, 

F^,=Fs,oFt = Ft = F,,. 
ForFLl, t = /it_s[B/is by definition. □ 
Remark 4. Note that 

/C(x, dy) = {6, > u){y) = (4 W iy){y) = (z/ W 5,)iy). 

In fact, measures 5x > are well-known in classical spectral theory. Indeed, if X is an operator 
with cyclic vector ^ and corresponding distribution u, then 5x > is the distribution with respect 
to ^ of the rank-one perturbation X — x {■,^) ^. Finally, note that for the classical processes and 
convolution, we can also write 



mi^)= / f{y)dfi{y-x)= / f{y)d{6x*fi){y) 
Jr Jr 

Proposition 5. /C is a contraction on each L^(M, dx) for 1 < p < oo. 
Proof For / G L^{R,dx), 

||/C[/]|L = esssup / \fiy)\di5x>u)iy)<esssnp\\f\\^ = 

xeR Jm xGR 

so /C is a contraction on L°°(M, dx). On the other hand, Alexandrov's averaging theorem (Theo- 
rem 1 1.8 from flSimOSI ) states that for / G L^(M, dx) 

JC[f]{x)dx= / ( / f{y)d{5x>u){y)] dx = f{x)dx, 



oo ' 



so that ||/C/||^ = 11/11^ for / > 0, and /C is a contraction on L^(M, dx). For 1 < p < oo, the result 
now follows by Riesz-Thorin interpolation, see Section IX. 4 from nRS75L □ 
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Remark 5. Unless stated otherwise, we will work in the Banach space Co(M) of continuous func- 
tions converging to zero at infinity, with the maximum norm. Also, again until stated otherwise, we 
will denote 



(12) 



V = Span j — — : Zi,Z2 G C\mI 

[Zi - X Z2 - X J 



We will also denote by Cc(M) the compactly supported continuous functions, and by V the polyno- 
mials. 

For 1 < p < oo, denote 

\\fk,=i2\\f%-\n+\\fK 

i=0 

the Sobolev norm. For p < oo, denote by W'^'^CR) the corresponding Sobolev space, while for 
p = oo we will denote by W'''°° the corresponding subspace of Co(]R). Note that we will identify 
the Lipschitz norm 

fix)-fiy) 



sup 

x^y X y 

with 1 1 /'I loo, since a Lipschitz function is differentiable almost everywhere. 
Finally, we abbreviate 

iy~ = {/GCo(R)|r GCo(R)} 

with norm ll/IL + liriL, and 

= w°° n w'^'^ 

with norm 

(13) ii/ir = ii/iL + ii/"iioo + ii/iip+ii/'i- 

The following argument is reminiscent of Section 2.3 from [ILT09II . 

Lemma 6. V is dense in W^, 1 < p < oo, Lp(R, dx), 1 < p < oo, anJCo(M), with their respective 
norms. 

Proof. We will prove that V is dense in W^; the other arguments are similar, and more standard. 
Note that V dW^. 

Step 1. By an elementary "cut-off plus smoothing" argument, 

(14) c,(R) n = Cc(M) n w°° 

is dense in with respect to the norm (fT3T ). So it suffices to check that every element of this space 
can be approximated by elements of V. 

Step 2. For 

TC X'^ + 6"^ 

the Poisson kernel and / in the set (fT4)) . we know that 

(15) (Pe * /)" = Pe * /" = Pe' * /• 

Moreover, as e — )• 0"*", (P^ */)—>/ and (P^ * /)" — )• /" uniformly, and so (since the support of / 
is compact) also in norm (fT3] ). 



12 
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Step 3. For a fixed e, if 



is a Riemann sum for (P^ * /), then by (fT5l) 



-n- 



/(a.)A, 



is a Riemann sum for (P^ * /)". Since / is uniformly continuous, both sets of Riemann sums 
converge uniformly, so P^ * / is a limit of such Riemann sums in the norm (fT3l) . 

It remains to note that 



1 



1 



1 



G V. 



□ 



(x — a) + 6^ 2i \a + hi — X a — hi — x 

Proposition 7. For a free Levy process of the first kind, on each Lp(M, dx), 1 < p < oo and on 

(Co(]R), IHloo)' ^s,t is strongly continuous in s, t. 

Proof. Since V is dense in L*'(M, dx) and /C^.t is a contraction on it, it suffices to prove continuity 
for f E v. Indeed, 



z — X 



s,t 



Z — X 



Fs',t'{z)-F,,t{z) 



{Fs>,t'{z) -x){Fs,t{z) -x) 



It remains to note that for a fixed z, {Fg'^t'iz) — Ps,t(z)) — )■ as s' — )■ s, t' — )• t, and that for any 

z,w ^R, 

^ ^ {z — x){w — x) p~ ^ ~ ^ 2p ''^ ~ ^ 2p~ {\'^z\\'^w\)'^^~P'^^/'^ 

forallp>l. □ 



4.3. Free Levy processes of the first kind. 

Lemma 8. Let {yUt} be a free convolution semigroup, where p = has mean a and variance 1. 
Then 

where Ut = J[fit]- 



Proof By definition ([TT]) . 



Gut{z) = - { z - at 



- I z 



One the other hand, by definition of the P-transform 



G-l{z) = - + tR,{z), 



so 



Rniz) 



G,!{z) 



Putting these together, it follows that 



a + G,,iz) = R^{G^,{z)) 



a. 
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on a domain, and hence, by analytic continuation, on C^. □ 
Remark 6. In HBNOSII . Belinschi and Nica defined a family of transformations 

They showed that these transformations form a semigroup under composition, and Bi = B is the 
Boolean-to-free Bercovici-Pata bijection, defined via 

z - F^{z) = zRmiu]{1/z). 

The domain of B consists of all probability measures, while its image are all the freely infinitely 
divisible measures. Moreover, they proved the following evolution equation: 

$[pffl7t] =B4<l>[p]]. 

We found this equation quite mysterious. We now re-interpret it as follows: a single coefficient 
stripping, applied to a free convolution semigroup (with finite variance), produces a semicircular 
evolution started at the free canonical measure of the semigroup. 

Proposition 9. Let p be a probability measure on R. Then 

is a free convolution semigroup with mean zero and finite variance, such that p is the corresponding 
free canonical measure. Moreover, each such free convolution semigroup with Var[/ii] = 1 arises 
in this way. In particular, for any such free convolution semigroup, 

J[pt] =P^ It- 
Proof We compute 

p, = ^pm^.r = Mmr = ^t-inmT = nmr. 

so [pt] form a free convolution semigroup, with p = pi = B[$[p]]. Also, 

J[pt] = J[^t\p^lt]] = P^lt. 
If is the i?-transform corresponding to {pt}, then 



by the Lemma [8l In particular, since po = So and G 



A»0 



Z 



1 



Gpiz) = R^{l/z) = [ ^— dpix), 

Z — X 



so p is the free canonical measure for {pt}- Finally, such a representation holds precisely for any 
free convolution semigroup with mean zero and Var[pi] = 1. □ 

Corollary 10. For {pt} a free convolution semigroup satisfying (flOl) . with free canonical pair 

{a,p), 

R^{Gf,^{z)) = a + Gpmy,{z). 
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Definition 2. For a finite measure z/, we denote by tlie operator 

U[f]= [ ^(^)-^(^) du{x) = {I®u){df), 

Jr X ~ y 

wliere d is the difference quotient operator. Such operators were studied in HAnsUaH . but also in 
other sources, for example [ILT091 . 

Lemma 11. For p, {pt} as in the preceding corollary, 

1 1 



z — X {z — x)^ 

and (for each fixed 2; G C \ Mj this is a continuous function of s into ^^(IR, dx). 

Proof. Using the preceding corollary, 

111 1 



z-x [z-xp (z-xV "^^'^ ' -^'^-^'^^"^Uz-xV^ 



Continuity follows from equation (IT6l ). □ 

Proposition 12. Let At be a generator of a free Levy process corresponding to the free convolution 
semigroup {pt} with free canonical pair {a,p). Then for V from equation (fT2)) . V C V{At), and 
on this domain 

(17) Afix) = adJix) + [ dip ffl 7t)(y), 
which we will abbreviate as 

(18) At = ad:, + d:,Lpm^,. 

Proof. For any free convolution semigroup {/it}, the following evolution equation holds: 

(19) dtG,,{z) = -Rp{GpXz))G'pXz). 

see equation (3.18) in [IVDN92II . Also according to Theorem 3. 1 of [|Bia98ll . the transition operators 
of a free Levy process (of the first kind) have the property that 

^s,t 

where 



z — X 



Gp,{z) = GpMAz))- 

This implies that 

. P . ^ dtGp,iz) _ G'pXz)RiGp,iz)) 
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So using Lemma nn we compute 



s,s+h~ 



Z — X Z — X 



z — X 



Fs^s+h[z)-x z-xj [z-x 

1 Fs,s+h{z) - Fs,siz) 1 
h{Fs,s+hiz) - x){z - x) {z-xy 

1 
h 

1 



G'(Fs,s+uiz)){Fs,s+hiz)-x) 



du 



,z-x) 

1 



z — X 



{Fs,s+hiz) - x) 



,z - X 



MG,.{z)) 



Z — X 



Now using equation m and a^kl/ti^:^^ 
verges to zero in L^(]R, dx), 1 < p < oo. The result follows. 



— )■ 1 as M — > 0, the difference above con- 

□ 



The appearance of the semicircular distributions in the generator formula above is explained by the 
following theorem. 

Theorem 13. Let {Xt : t > 0} be a centered free Levy process of the first kind with finite variance, 
normalized so that Var[Xi] = 1. Let p be the canonical measure for the corresponding free con- 
volution semigroup {pt}- Finally, let {Yt : t > 0} be the free Brownian motion started at Yq with 
distribution p. Then the transition operators of the processes {Xt} and {Yt} coincide. 

Proof. It suffices to check the equality of transition operators on V, in other words we need to verify 
the equality of analytic functions Fg^t- We check that indeed, 



G-} 



G,Az) = ( 



G-' 



{t - s)R^) o Gp,{z) = z-{t- s)Rp o G^,{z) 
z-{t- s)Gpm^Xz) = (g-^^^ -{t- s)z^ o Gpm^Xz) = G'^^^ o Gpm^,{z) 



□ 



Remark 7. For readers familiar with the properties of the subordination distribution, we provide 
an altemative proof, see [|Nic09l for the results used. We compute 



Pt-s^Ps = {p^Ps 



3{t-s) 



{p^^'/^mpsr'-^^ = M[p, 



3(l/s)(t-s) 



tt)(l/s) 







3(t-s) 



= (BoB,[$[p]])=(*-'^) 



Note also that the preceding theorem is false for a process with non-zero mean; indeed, the generator 
of a free Brownian motion with drift is not ([TST ) but rather ad^ + d^Lp^^^^Sat- 

Proposition 14. Let v be a finite measure. Then 

\\d^L,f\\^<um iiriL. 
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and for 1 < p < oo, 

\\dM\\,<C,v{m\f"\\oo + \\rK)- 
It follows that dxLi, is a bounded operator W°° — )• Co(M) and — L'p{R, dx). 



Proof By Taylor's theorem, 



f{x)-f{y) 



x-y 



f{y)-f{x)-{y-x)nx) 



{y - xy 



{y -xy 



(y - u)f"{u) du 



< sup 

x<u<y 



y-x 



< II r I 



So 

(20) \\d.LJ\\^<uiR)\\f"\\^. 

Since d^L^(V) C Co(M), V is dense in W°^, and Co(M) is closed, it follows that in fact 

dMW"^) c Co(M). 



Next, (|20l) implies that for p > 1 and q the dual exponent, 

'k J[y-a,y+a] 



\dxLuf\\i 



dx dv{y) 



+ 




Rj[y-a,y+aY 



X-y 
fix) fix) - f{y) 



x-y 



[x - yf 



< / 2a\\f"\\^duiy)+ I 11/ 

JR 

1 

+ 



dx du{y) 
1 




[y-a,y+aY ("^ VY 



[y-a.,y+aY 
1/9 



(x - yy 



dx 



dn) {\f\u)\'' duf'" dxdp{y) 



< 2au{R) lir IL + ^^^^^TT^KK) 11/11, + 11/1 



So 



||9.L./|li<C,KK)(||/'1L + 11/11,). 
A similar argument works for p = 1 . The final result follows by interpolation. 



□ 



Theorem 15. Let p be a probability measure, a G M, {fit} the free convolution semigroup with the 
free canonical pair {a,p), {X{t)} the corresponding free Levy process, and {At} its generators. 
Then on Co{R), {At, W°°) equals 

At = adx + d^Lpm^f 
and on L^(M, dx), {At, W^) is given by the same formula. 

Proof. Use the estimates in Proposition^ and Lemma|6l and apply Proposition[T]with A = Co(IR), 
B = W°°, respectively, A = L^(M, dx), B = W^, to show that these sets are in the domain of the 
generators. Since the same estimate shows that adx + d^Lp^^^ continuously extends to B, the result 
follows. □ 
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Example 1. A free Meixner distribution jjfl is the probability measure with Jacobi parameters 

ao = 0, an = b, (3i = t, (3n = t + c. 

For c > 0, these distributions form a free convolution semigroup with respect to the parameter t. 
Clearly the corresponding ut = J'lfJ^fl] = 5b ffl 'jt+c are the semicircular distributions with mean b 
and variance (t + c); thus we recover a weaker version of the result of [ BrylO] , On the other hand, 
for /i = /ift c we also have 

R^iz) = z{l + bR^iz) + ciR^{z))^), 

which implies that 



_ ^^1 — zx 

for p = 5bS'jc semicircular with mean b and variance c. So the free canonical measure in this case 
is also semicircular. The reason for this coincidence is that, as pointed out in Proposition [9l 

z/t = p ffl 7^ = ffl 7,) ffl 7t = 5fe ffl It+c 

In the particular case 6 = c = 0, we have pt = i^t = It (and p = Sq). The corresponding process is 
the free Brownian motion, whose generator dxL^^ was found at the end of Section 4 in IIBS98II . see 
also Example 4.9 in [IBKS97II . 

Example 2 (Generator of the Cauchy process). The mean of the Cauchy distribution is unde- 
fined. Nevertheless, we can still compute the generator of the free Cauchy process, because the 
Cauchy distributions form both a free and a usual convolution semigroup. Indeed, the Fourier 
transform of the standard Cauchy distribution is e"'^', so the generator of the corresponding process 
is — |— i^a;! = — Note that |x| = sgn{x)x and 

J-(if/)(a;) = -zsgn(x)J-(/)(x), 

where J-' is the Fourier transform and H is the Hilbert transform. We conclude that the generator is 

Af{x) = -zd,{Hf){x). 

This is consistent with the relation R^{z) = —i and 

d,G,X^) = -zG'^X^). 

Remark 8. The generator of a classical process is a pseudo-differential operator. The generator of 
the free process can be given a similar interpretation. Indeed, note first that 

X 

This operator is the crucial object in [|Ans091 : note also that dxLgf, is the generator, but only at time 
zero, of the free Brownian motion. Suppose now that all the moments mn{i') of v are finite, and let 

oo 
n=0 

be its moment generating function. Then, at least for polynomial /, 

LJ = M,{Ls,)LsJ. 



M,{z)=J2^ 
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Indeed, for f(x) = x", 

M,iLs,)LsJix) = Tm,iu)L',;^'x- = T [ ^^^^^ dv{y) = L,f{x). 

k=o k=o Jr X y 

By writing L^, = G„{LJ^^), we can interpret it as a pseudo-differential-type operator even if the 
moments of u are not finite. 

Remark 9. Suppose n is compactly supported. In particular, we can expand 

oo 
n=l 

where {r„} are the free cumulants of fi. Then it follows from Proposition [T2l Lemma [8l and the 
preceding remark that the generator of the corresponding process is 

(21) 

71=1 

On the other hand, by Lemmas 2 and 3 of nAns02ll . in this case the higher diagonal measures 

A„(t) = [\dx{s)r 



are defined, and E [A„(t)] = r„t. Moreover, by Corollary 12 of the same paper, for polynomial / 

oo „i 

f{X{t)) = J2 / (/®E®...®E®/)[(9"/)(X(s),...,^(s))]NAn(s), 

n=l 

where is defined recursively by 

(9" = (/ O . . . ® / ® (9)9"^^ 
(this notation differs by a factor of n\ from [|Ans021 ), and 

j^{A{x)^B{s))^dX{s) = [ A{x)dX{s)B{s). 

In other words, 

oo „J 







/(^w) = E / idL;:'f)ixismd^nis). 

n=l ^0 

It follows that for the generator (|2TI ). the martingale from Lemma|2]can be written explicitly as 



/ iAJ)iXis))ds 
Jo 

CO „t <x> pt 



E / i9LX'f){XismdAnis)-J2 / r^{d.L;:'f)iX{s))ds 

n=l „=i Jo 

oo „t 



GENERATORS OF SOME NON-COMMUTATIVE STOCHASTIC PROCESSES 



19 



It would be interesting to find such a representation for more general /i. 



Remark 10. A matricial interpolation between classical and free Levy processes was constructed 
in HCDOSll . where the generator of such a matricial process is also computed. 

4.4. Free Levy processes of the second kind. The semigroup {/C^} of transition operators corre- 
sponding to a free Levy process of the second kind is characterized by 



X 



X 



and form a semigroup with respect to composition. 

The transition operators for a monotone Levy process corresponding to the family {fit] are exactly 
the same, and in fact {jit} form a monotone convolution semigroup, see Corollary 5.3 of [|Fra091 . 
According to Theorem 5.1 of [|FM05i . at least for the compactly supported case, on bounded con- 
tinuous functions 



Since {/C^} form a semigroup, we only need to compute the generator A at zero. By Proposition 5.1 
of [IFM05II , the generator is 



(22) 
where 



Af{x) = adJix) + / a 



d_ 

di 



t=o 



d_ 

di 



f{x)-f{y) 
x-y 



G^,{z) =a + 



t=o 



Z — X 



dp{x) 



so that (a, p) is the monotone canonical pair (note our choice of signs is the opposite of [1FM05II ). 
As pointed out in Theorem 4.5 of [| Bia98 1, only certain p correspond to processes with free incre- 
ments in this way (note that unlike Biane, we have assumed /io = ^o). We repeat Biane's question 
(Section 4.7): it would be interesting to have a more direct description of which p do so appear. In 
particular, according to J.C. Wang, a centered FL2 process cannot have finite variance, and as of 
this writing, no non-trivial examples of FL2 processes are known. 

Remark 11. Let {X(t)} be a process whose increments are stationary and independent in a certain 
sense, {K,s,t} the corresponding transition operators, and {pt, be the corresponding convolution 
semigroup. Since p^ = 5q, we observe that 

pAf] = E [f{Xm = E [(/Co,/)(X(0))] = po[ICo,tf] = (/Co,t/)(0). 

Therefore the corresponding cumulant functional (E) is 



t=o 



We note that indeed, if we set t = and x = in formulas (|9l), (flTl) and (|22]) . in all three cases 
we get formula ([8]). Note that in these three cases, p is interpreted as the classical, free, and mono- 
tone canonical measure, respectively. In particular, in all three cases, the cumulant functionals are 
defined at least on the domain of the corresponding generators. On the other hand, for t > 

Ltif] = dtptif] = (/Co,iA/)(0) = PtiAf] 
will depend on the type of semigroup considered. 
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4.5. Semigroups for generators of the free Levy processes of the first kind. We noted before 
that for a Levy process of the first kind, (At, T'(At)) is closable. We now show explicitly that its 
closure generates a contraction semigroup. 

Let a G R, and p be a probability measure. For each s > 0, denote : t > o| the solution of 

-d,F}'\z) = a + G,^,^iFt\z)) 
which, by Theorem 4.5 of [|Bia98ll , exists and moreover satisfies 

't 

for a probability measure rj;^^ . In fact F^^'^ o F^^^ = F^^^t,^ , and the corresponding measures form a 
monotone convolution semigroup. Denote now 

Jr 

At least in the compactly supported case, as noted above, these are transition operators for the cor- 
responding process with monotone independent increments, but will not use this property directly. 
Instead, we note the following. 

Theorem 16. Let be as above, and {/Cs,t}, {A} be as in Theorem\T5\ 

(a) For each s, the operators l^df^^ form a strongly continuous semigroup of contractions on 

Co(M) and LP {R, dx). 

(b) The generator Bg of this semigroup is a closed operator for which V is a core. 

(c) For feV, BJ = Asf = {ad, + d.L^si^Jf. 

(d) On Co(M) andLP{R, dx). 

(23) \im (iCs^s+t/nV = jC'f^ 

Strongly. 

(e) Bg = As, and T> is a core for As. 

Proof. The proofs are very similar to the results for lCs,u and are mostly omitted. For part (a), see 
Propositions |5] and |71 For the semigroup property, we compute 

4f4V(x)= I {! f{z)d{6y>rff){z)] d{6,>Ti:%) 
Jr \Jr / 

= [ f{z)d{{6.^Ti:^)>Tff){z) 
JR 

= I f{z)d{S,>Ti:lj{z)=Ci%tJ{x), 

Jr 

since > is associative and distributive in the first variable. 

The generator of a strongly continuous semigroup is closed. V is dense and invariant under all Cf'\ 
so by Theorem X.49 of flRS75ll it is a core for Bs- The proof of part (c) is similar to Proposition [T2| 
Part (d) follows from Chemoff Product Formula, Theorem III. 5. 2 of HENOOll . applied to (As, V) = 
{Bs, V) (the density of the range condition is satisfied since Bg generates a contraction semigroup). 
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Finally, for part (e), we apply Chemoff Product Formula to (As, 'D(As)). The density of the range 
condition holds since it was already satisfied for Bs on V. The theorem implies that Ag generates 
precisely the same semigroup (|23] ). Therefore As = Bg. □ 

Remark 12. A alternative general approach to the non-autonomous Cauchy problem is via evolu- 
tion semigroups, see Section VL9(b) of [ENOO|. We briefly describe this approach in our case. Let 
/ G Co(M^), and denote /t(x) = f{t, x). Then operators 

{Ttf){s,x) = {K:s,s+tfs+t)ix) 

form a contraction semigroup with respect to \\-\\^. Its generator is a closed, dissipative operator. 
At least formally, it is related to the generators of the family {}Cs,t} by 

{Af){t,x) = AJt{x) + dJt{x). 

We also note that A/ = if / is fixed by Tt, in other words if 

^s,s+tfs+t = fs- 

This is precisely the condition for ft{Xt) to be a martingale. 
4.6. Further remarks on the properties of Ly and d^Ly. 

Proposition 17. Let n be a probability measure with mean a and variance (3. Denote v = 
Then is a multiple of a unitary operator 

{/ G L'i^^) : = 0} ^ L'iu), 

with inverse x — a — f3Ly. 

Note that if polynomials are dense in this result follows from the proof of Proposition 10 in 

HAnsUaL and the statement about the inverse from that proposition and Corollary 11. 

Proof. First we show that 

V = Span I : z eC\R 

{z — X 

is dense in L'^^j,). Indeed, if / G V-^, then 

for all 2; G C \ M. By Stieltjes inversion, it follows that / = fi-a.e. 
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By density of V, it suffices to show that for resolvents, 



1 



z — X 



1 



w — X 



fx 



z — X w — X 



={G^{w) - G,iz)) - G^iz)G,iw) 

z — w 

G,iz)G,{w) 



w — z 



{{z - F,{z)) - {w - F,{W))) 



^'^'^^'^'^kpG,iz)-PG,{w)) 



/3 



w — z 
1 

z — X 



G,{z) 



1 



w — X 



G^,{w] 



Z — X 



1 



independently of a. Also 



(x — a — f3Lu) o 



1 



z — X 



{—{z — x) + z — a — /3G,y{z)) 



z — X 



w — X 



-G,iz) 



-G^iz) + 



1 



and the proof of the opposite equality is similar. 



z — X 
□ 



We noted in Proposition [T] combined with Theorem [T5l that a generator of the transition operator 
family for a free Levy process is dissipative, and that on W^, it coincides with ad^ + d^L^j. We 
now give a more explicit proof of this result for p = 2, which may be of interest in itself. 

Proposition 18. Let v he a finite measure, and denote A = adx + d^Li, and 

Dif,g)= [ idf)ix,y)idg)ix,y)duiy). 



Then D is well-defined for f,ge W^'^ n W^'\ while for f\g eW^ 

D{frg)=A{fg)-fA{g)-A{f)g 
for all a, so that D is the carre du champ operator corresponding to A. It follows that for such f, 

3f^(^/,/)<0, 

so adx + d^Li, on W"^ is L"^ -dissipative. 



Proof. We compute 



D{fJ)dx= [[ 



fix) - f{y) 



x-y 



dv{y) dx 




M J[y-a,y+a] 



fix) - fiy) 



x-y 



dx dviy) 



// 


fix) - fiy) 


/M J[y-a,y+aY 


x-y 



dx du{y) 



< / 2a\\f\\ldu{y) + 




< 2a ii/'iiL KK) + ll/lli / 7 My) = Mm { a Wf'C + f II/' 11^ ) • 



f/||2 



Rj[y^a,y+ 

2 



a]- ix - yf 



f'iu) du 



dx dviy) 



c/||2 



f/||2 
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For a = 1, we get 

\\DifJ)\\,<2u{R) + 
By polarization, D{f, g) is well defined for f,gE W^'"^ fl W^'^ . 
Next, we compute 

Jr I X — y [X — y) 

f\x)g{x) fix) - f{y) 



dv{y) 



x-y 
f{x)g'{x) 



fix 



( \2 '9i^^ 

[x-y)^ 
9{x)-g{y) 



X — y ■ ■ (x — y)"^ 

+ c^{Ug)'-fg'-f'g){x) 
fix) - f{y)g{x) -g{y) 



diy{y) 
du{y) 



X — y X — y 



diy{y). 



Moreover, 

\Lu{f){x)\ 



a,x+a] \x y\ 

< \\r\Li^i[x-a,x + a]) 
1 

[x—a,x+a] 



f'{u) du 



dv{y) + 



•.-a,x+aY \x y\ 



f'{u) du 



dv{y) 



\x - y\ 









f\f'(u)tdu 







1/2 



dv{y) 



<\\f'\\^y(\x-a,x + a]) + ^uil 



So for a = 

limsup |L,^(/)(x) I < £:z/(R; II J 

x—^oo 

as long as ||/'||^ < oo. Thus for / e W^'°^ n W^'^, 

(24) limsup|L^(/)(x)| =0. 

x—^oo 

Therefore for f eW^, 

/•oo 

|2\ 



(25) 



2^{AfJ) = {AfJ) + {f,Af)= / [Ai\f\')ix)-DifJ)ix)] dx 



-oo 
oo 



djL,i\ff)ix) + af{x))-D{f,f)ix 



dx 





fix) - f{y) 


1 Jm? 


x-y 



duly) dx < 0. 



□ 



Note that the Dirichlet form from [Bia03] is g) = J^D{f, g){x) du{x), which is not the same 
as the right-hand-side in equation (|25T ). 



Proposition 19. ad^ + d^L^ is Co-dissipative on W°^. 
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Proof. For / G Co(M) such that |/(a;o)| = max^gK a normalized tangent functional is 



<^/(^?) = /M5xo- Then for /gW^^ 



n^j[ad^f + d^L,f] = m:, 



XO 



«/(xo)/(x) + /(xo)y^^^-^^-^j 

/ (xo) - /( y) 
(a^o - y) 



|/(xo)|^-g?(/(xo)/(y)) , 

0^;^^:^? 



since 



23ft(/(a;o)/'(a;o)) = (//)'(a:o) = (|/|')'(a:o) = 



5. The g-BROWNIAN MOTION 



□ 



Let q G (—1, 1). The g-Brownian motion {X(t) : t > 0} is a non-commutative stochastic process 
constructed in [iBS91il . The distribution of each X(t) is a very classical g-Gaussian distribution 



(26) ny/t 
supported on the interval 

2Vi 2Vi 



Here we have used the change of variable (|27] ) and the g-Pochhammer symbol 

fe oo 

(ai, . . . , Ofc; g)oo = JJ - ajq'). 

j=l i=0 

According to Corollary 3.10 of [IBKS97I . the g-Brownian motion is a Markov process, and more- 
over the g-Hermite polynomials are martingale polynomials with respect to it. Here the (Rogers) 
continuous g-Hermite polynomials 

H4y,t; q) = e/^H4x/Vt; q) 
are the monic orthogonal polynomials with respect to the measure (|26l) . 



Hniy, t; q)Hk{y, t; q) d-ftM = 5„=fc[n]g!r. 

They also satisfy the three-term recursion relation 

yHniy,t; q) = Hn+iiy,t;q) + [n]gtHn-i{y,t; g), 
where [n]q = 1 + g + . . . + g"~^. 
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Lemma 20. The transition operators 

}^s,t;qfi^) = / fiy)}^s,t;qix,dy) 

Jm. 

of the q-Brownian motion are 



25 



/I _ q 

lCs,t;q{x,dy) = ^ (g; g)ooSin(6') \ {qe^'^;q)c 



(s/t; q)c 



Vi 



s/t] q)oo 



^e^(^+^), ^/s/ie'(^-^^; q). 



id-itWl - qy), 



where 
(27) 



a; = ^^Lcos(v9), y = -^^L cos(6'), 61 G [0, vr]. 



Proof. Using the martingale property 

(28) {}Cs,t;qHn{y,t;q)){x) = Hnix,s;q) 

and the orthogonality and density of g-Hermite polynomials, 

lCs,t;qi^^ = r 1 q)Hn{y, t] q) d-ffM 

n=0 ^'^^1-'^ 
°° (g/f)n/2 

= 1, Hn{x/^s- q)H^{y/yft- q) d^t,^{y). 



The result now follows from the g-Mehler formula 



(29) 



V— -i7„(a;;g)if„(?/;g) = — — 
^ [ri]g! |(re*(</'+«),re<^-^);g)c 

See Theorem 4.6 of nBKS97ll for more details. 



□ 



Remark 13. According to [IDM03L the Ito product formula for the g-Brownian motion has the 
form 

ft 







uimdx{t) / vmdx{t) 



A{t)dX{t) Bit) / V{s)UX{s 







+ 



V^O 

OO 



U{s)UX{s) J C{t)dX{t)D{t) 



+ / A{t)rg B{t)C{t) D{t)dt, 



(30) 



where U = Ai^ B,V = C D are adapted biprocesses satisfying a technical condition. Here Tg 
is a certain completely positive map on the von Neumann algebra W*{{X{t),t > 0}). In this paper 
we are only interested in the action of this map on the von Neumann algebra generated by a single 
operator X{t). This algebra is commutative and isomorphic to 

VI - g' VI - q. ' 
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On this algebra, the map is determined by the property that 

(31) Tt-q[Hnix, t; q)] = q'^H„{x, t; q) = H^iqx, qH; q), 

that is, it is a multiplier for the g-Hermite polynomials. Comparing with equation (|28l) . we see that 

(32) ^t;q{x, dy) = }Cq2t^t;q{qx, dy) . 
In particular, Tt-q is an integral operator 



rt;q(x, dy) = sm{e){q^; q)^{q; q)^ c?|/ 



I {(^C^^^ ' ^)oo I ^ 

|(ge*('^+^),ge*('^-'');g)c 



/oo I 



Proposition 21 (Functional Ito formula). Le? f be a polynomial. Then 

(33) /(X(t))= [\df){X{s),X{s))^dX{s)+ [\A,.J){X{s))ds. 

Here 







A.;./(^)= / [dJ^^^^^^^]T,,q{x,dy)= I {d,df){x,y)r,,q{x,dy). 



x-y 

Proof. First we show that all the terms in the functional Ito formula satisfy the technical condition 
of Theorem 3.2 from [DM03J. All the integrands are polynomials in X{s). So it suffices to show all 
the properties for the process {X{t)}. It is clearly adapted and uniformly bounded on the interval 
[0,4 Now let 

X = {0 = to < ti < . . . < t„ = t} 
be a subdivision of [0, t], and 5{X) be the length of the largest interval in this subdivision. Let 

n-l 



X\s) = Y,X{U)l^,^,^^,^{s). 



i=0 

Then 



/ \\X{s)-X\s)\\lds = J2 \\X{s)~X{U)\tds. 
Jo i=0 

But ||X(s) — X{ti)\\1^ = \\X{s — ti)\\1^ = — tj). Therefore the preceding sum is 



as 5(X) ^ 0. 
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The rest of the proof proceeds by induction. Assuming formula (l33l) for /, and using the Ito product 
formula (|30l ). we get 

f{X{t))X{t) = [\df){X{s),X{s))^{I®X{s))UX{s)+ f f{X{s))dX{s) 



+ [\{I^T,){dmX{s))ds+ f AsM)[Xis)]X{s)ds 
Jo Jo 



{df){X{s),X{s))^{I ® X{s))UX{s) + / f{X{s))dX{s 



+ / [{I®T,){dmX{s))ds+ / [{I®T,){d.dmX{s))X{s)ds. 
Jo Jo 

The result now follows for xf{x) by observing that 

(<9/)(x, y)y + f{x) = {d{xf)){x, y). 

and 

{df){x,y) + d^{df){x,y)x = d^{x{df){x,y)) = d^{d{xf){x,y) - /(y)) = d^d{xf){x,y). 

□ 

Corollary 22. On the domain V of polynomials, the generators of the q-Brownian motion are 

A fix) = At,J{x) = j {d^df){x,y)Vt,,{x,dy), 

More explicitly, 



oo I 
2ie. 



x-y J |(ge<'^+''),ge*('^-^);g)oo| 



with the change of variables (1271) . 

Proof. It follows from the Ito product formula in Proposition |2T|that for polynomial /, 

/(X(t))- f As J{X{s))ds 



is a martingale. Therefore by Lemma |2l g is the generator of the process at time t. Note that 
since the support of ^t;q is infinite, polynomials are determined by their values on it. The explicit 
formula follows. □ 

Theorem 23. The operator Af-g described in Corollary |22] is the generator of the q-Brownian 
motion at time t on the domain C Co(M). 

Proof. First, using the beginning of the proof of Proposition [T4l 



|A,J(x)| 



{d^df){x,y)Tt-g{x,dy) 



<\\f 



"11 

I oo 



Tt-g{x,dy) 



<iirii, 
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where in the last step we used equation (|3T) for n = 0. It is also clear that ICs^t^q is a contraction 
on L°°(M, dx). By a standard argument, polynomials are dense with respect to the norm in 

C — ^Y^ , ■ Fiii^Uy' the strong continuity of /Cs,t;g and Ff.g on polynomials follows from the 
martingale property of the g-Hermite polynomials, and formula (IBTT ). It remains to apply Proposi- 
tion [D □ 

Remark 14. Setting g = in the formula in Corollary |22l we get 

AJ(.) = / [d^^^^) "My). 

as expected. On the other hand, setting g = 1 in formula (1311 we see that Tt-i{x, dy) = S{x — y) dy 
is the identity operator. So in this case, 

AJ{x) = I (d^^^^y^) S{x-y)dy 

f^'^-^'''^-^'^^^'-''^^5ix-y)dy^'-nxl 



{y-xY J ' " 2 

again as expected. 

6. Two-state free Brownian motions 

In nAnsllbH . we considered Brownian motions in the context of two- state free probability the- 
ory (A,W.,E). A priori, any process with two-state freely independent increments whose E- 
distributions are a free convolution semigroup {ut} and whose E-distributions satisfy 

Jlfit] = i^t, fitlx] = 0,fit[x^] = t 

can be considered a two-state free Brownian motion. We proved, however, that if we require E 
to be a faithful normal state and E be normal, then Ut has to be the semicircular distribution with 
possibly non-zero mean at and variance t. Such a process is not Markov (in fact E is not tracial, 
and E-preserving conditional expectations do not exist), however its classical version is. We now 
construct generators of these processes. 

Proposition 24. The generator ofttie two-state free Brownian motion with parameter a at 

time t is 

on the domain W^. 

Proof. This result was proved in [lAnsllbl for polynomial /. Also, 

\\{a{d, - L,J + < 2 \a\ \\f\\^ + \\f"\\^ <2\a\\\f\\^ + (2 |a| + 1) Hf |L • 

Since the measures /i^, Vt are all uniformly compactly supported, the full result follows as in Theo- 
rem |23 □ 



Remark 15 (Ito formula). By the same methods as in [IBS98II and [|Ans02ll . for sufficiently nice /, 

(34) f{X{t)) = /(O) + r df{X{sm dX{s) + [\d, ® E)dfiX{s)) ds. 

Jo Jo 
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Using Lemma 2.1 of IIBLS961 and the observation that the process {X(t)} is E-centered (see Re- 
mark 6 of HAnsllbl for more details), we see that 



ds. 



E[/(X(t))] = /(0) + j E[(ad,-a{l^E)d+{d,^E)djf{X{s)) 
This result is consistent with the generator formula in the preceding proposition. 
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